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BRAIDING SURFACE LINKS WHICH ARE COVERINGS
OVER THE STANDARD TORUS
INASA NAKAMURA∗
Abstract. We consider a surface link in the 4-space which can be pre-
sented by a simple branched covering over the standard torus, which we
call a torus-covering link. Torus-covering links include spun T 2-knots
and turned spun T 2-knots. In this paper we braid a torus-covering link
over the standard 2-sphere. This gives an upper estimate of the braid
index of a torus-covering link. In particular we show that the turned
spun T 2-knot of the torus (2, p)-knot has the braid index four.
1. Introduction
A surface link is the image of a locally flat embedding of a closed surface
into the Euclidean 4-space R4. It is known [10, 12] that any oriented surface
link can be presented by the closure of a simple surface braid. Here, the
closure of a surface braid is a surface link of the following form. Let S2
be a standard 2-sphere in R4, i.e. the boundary of a standard 3-ball in
R3 × {0}. The closure of a surface braid is a surface link embedded in a
tubular neighborhood N(S2) of S2 in such a way that the projection of it
to S2 is a branched covering over S2. We identify N(S2) with I × I × S2,
where I is an interval. For a surface link S of such a form, we consider the
singular set of the image of S by the projection to I × S2, and the image
of this singular set by the projection to S2 forms a graph on S2. An m-
chart on S2 is such a graph with certain additional data. We can present
the original surface link by its m-chart on S2 ([11, 12]). By removing from
S2 a 2-disk which is disjoint with the m-chart, we obtain an m-chart on a
2-disk. The resulting m-chart on a 2-disk is called a surface link m-chart.
As we mentioned, any oriented surface link can be presented by the closure
of a simple surface braid. Thus it follows that any oriented surface link
is presented by a surface link m-chart. In [15], a “torus-covering link” is
introduced as a new construction of a surface link, by considering a standard
torus instead of a standard 2-sphere. Let T be a standard torus in R4, i.e.
the boundary of a standard solid torus in R3 × {0}. A torus-covering link
is a surface link embedded in a tubular neighborhood N(T ) of T in such a
way that the projection of it to T is a simple branched covering over T . For
a surface link of such a form, we can define its m-chart on T in the same
way as above. By cutting T along a meridian and a longitude, we obtain an
m-chart on a 2-disk. We will call the resulting m-chart on a 2-disk a torus-
covering m-chart. A torus-covering link is presented by a torus-covering
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m-chart. The aim of this paper is to give a surface link chart description of
a torus-covering link S, from the torus-covering m-chart which presents S.
Since a torus-covering link is an oriented surface link, it can be presented
by a surface link m-chart. We give a surface link chart description of a torus-
covering link S, from the torus-covering m-chart which presents S (Theorem
3.2). In other words, we braid S over a standard 2-sphere. We deform S to
the form of the closure of a simple surface braid, using the motion picture
method. The braid index of an oriented surface link F is the minimum
degree of simple surface braids whose closures in R4 are equivalent to F .
The resulting surface link chart of Theorem 3.2 is a 2m-chart; thus we can
see that 2m is an upper estimate of the braid index of the torus-covering
link S (Corollary 4.1). In particular, we show that the turned spun T 2-knot
of the torus (2, p)-knot has the braid index four.
The paper is organized as follows. In Section 2, we review the chart
description of a simple braided surface, and using these terms we give the
definition of a torus-covering link. In Section 3, we give the statement of
Theorem 3.2. In Section 4, we prove Theorem 3.2 using the motion picture
method. In Section 5, we give an example; we draw the surface link chart
presenting the turned spun T 2-knot of a trefoil.
2. Torus-covering links
In this section we give the definition of a torus-covering link. In Section
2.1 we review a simple braided surface and its chart description, and in
Section 2.2 we give the definition of a torus-covering link.
2.1. A braided surface and its chart description. A braided surface
was defined in [17, 12]. A surface braid is a braided surface with some
boundary condition, and a notion of an m-chart was introduced [8, 12] to
present a simple surface braid. Equivalent simple surface braids have distinct
chart presentations. The notion of C-move equivalence between two m-
charts was introduced [8, 11, 12] to give the equivalence class of the chart
which represents the equivalence class of a simple surface braid. The notion
of an m-chart can be easily extended to an m-chart presenting a simple
braided surface. In this subsection we review a braided surface, and extend
the notion of a chart description to a simple braided surface.
Definition 2.1. A compact and oriented 2-manifold S embedded in a bidisk
D1×D2 properly and locally flatly is called a braided surface of degree m if
S satisfies the following conditions:
(i) p2|S : S → D2 is a branched covering map of degree m,
(ii) ∂S is a closed m-braid in D1 × ∂D2, where D1, D2 are 2-disks, and
p2 : D1 ×D2 → D2 is the projection to the second factor.
Two braided surfaces are equivalent if there is a fiber-preserving ambient
isotopy of D1 ×D2 rel D1 × ∂D2 which carries one to the other. A braided
surface S is called simple if #(S ∩p−12 (x)) = m−1 or m for each x ∈ D2. A
braided surface S is called a surface braid if ∂S is the trivial closed braid.
A surface braid Qm × D2 is called trivial, where Qm is a set of m interior
points of D1.
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Figure 1. Vertices in a chart.
When a simple braided surface S is given, we obtain a graph on D2, as
follows. Identify D1 with I × I, where I = [0, 1]. Consider the singular set
Sing(p1(S)) of the image of S by the projection p1 to I ×D2. Perturbing S
if necessary, we can assume that Sing(p1(S)) consists of double point curves,
triple points, and branch points. Moreover we can assume that the singular
set of the image of Sing(p1(S)) by the projection to D2 consists of a finite
number of double points such that the preimages belong to double point
curves of Sing(p1(S)). Thus the image of Sing(p1(S)) by the projection to
D2 forms a finite graph Γ on D2 such that the degree of its vertex is either
1, 4 or 6. An edge of Γ corresponds to a double point curve, and a vertex
of degree 1 (resp. 6) corresponds to a branch point (resp. triple point).
For such a graph Γ obtained from a simple braided surface S, we give
orientations and labels to the edges of Γ, as follows. Let us consider a path
ρ in D2 such that ρ∩Γ is a point P of an edge e of Γ. Then S ∩ p−12 (ρ) is a
classical m-braid with one crossing in p−12 (ρ) such that P corresponds to the
crossing of the m-braid. Let σ1, σ2, . . . , σm−1 be the standard generators of
the m-braid group Bm. Let σ

i (i ∈ {1, 2, . . . ,m− 1},  ∈ {+1,−1}) be the
presentation of S ∩ p−12 (ρ). Then label the edge e by i, and moreover give e
an orientation such that the normal vector of ρ corresponds (resp. does not
correspond) to the orientation of e if  = +1 (resp. −1). We call such an
oriented and labeled graph an m-chart of S.
In general, we define an m-chart on D2 as follows.
Definition 2.2. Let m be a positive integer. A finite graph Γ on a 2-disk
D2 is called an m-chart if it satisfies the following conditions:
(i) Γ ∩ ∂D2 consists of a finite number of vertices of degree 1.
(ii) Every edge is oriented and labeled by an element of {1, 2, . . . ,m− 1}.
(iii) Every vertex has degree 1, 4, or 6.
(iv) The adjacent edges around each vertex in Int(D2) are oriented and
labeled as shown in Figure 1, where we depict a vertex of degree 1 by
a black vertex, and a vertex of degree 6 by a white vertex.
A black vertex (resp. white vertex) of an m-chart corresponds to a branch
point (resp. triple point) of the simple braided surface presented by the m-
chart. An m-chart presents a simple braided surface. In particular, an
m-chart Γ such that Γ ∩ ∂D2 = ∅ presents a simple surface braid.
When an m-chart Γ on D2 is given, we can reconstruct a simple braided
surface S over D2 as follows. Let N(Γ) be a neighborhood of Γ in D2. Let
us consider a trivial braided surface S = Qm× (D2−N(Γ)) over D2−N(Γ),
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Figure 2. CI, CII, CIII-moves. For CI-moves, we give only
several examples.
where Qm is a set of m interior points of D1. We extend S over a neigh-
borhood of each edge as follows. Identify a neighborhood of an edge e with
I × I such that e is identified with {1/2}× I. Let i be the label attached to
e, and let  = +1 (resp. −1) if the orientation of e corresponds (resp. does
not correspond) to the orientation of {0}×I. Then let the braided surface S
over the neighborhood of e be the braided surface which has a presentation
σi × I and the image of the double point curve of p1(S) by the projection
to D2 is e. Since Γ is as in Figure 1 around each vertex, S can be extended
naturally over a neighborhood of each vertex. See [4, 9, 12] for more details.
Thus we can construct a simple braided surface S over D2 such that the
original m-chart is an m-chart of S.
Two m-charts on D2 are C-move equivalent if they are related by a fi-
nite sequence of ambient isotopies of D2 and CI, CII, CIII-moves shown in
Figure 2; see [12] for the complete set of CI-moves. It is shown as a minor
modification of [8, 11, 12] that two simple braided surfaces of degree m are
equivalent if and only if m-charts of them are C-move equivalent.
The boundary of a surface braid S consists of trivial closed m-braid.
Consider a natural embedding of D1 × D2 in R4, and paste m disks to S
to obtain an embedding of a closed surface in R4. The resulting surface is
called the closure of S (see Section 4). It is known [10, 12] that any oriented
surface link is presented by the closure of a simple surface braid; thus it is
presented by an m-chart Γ on a 2-disk D2 such that Γ ∩ D2 = ∅. We call
such an m-chart which presents a surface link a surface link m-chart.
2.2. Torus-covering links. Now we give the definition of a torus-covering
link in R4 (see [15, Definition 2.1]). Let T be a standard torus in R4, that is,
the boundary of an unknotted solid torus in a 3-space in R4. Let us consider
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Figure 3. Examples of 2-charts on T , or torus-covering 2-
charts on a 2-disk.
a tubular neighborhood N(T ) of T , and identify N(T ) with D2 × S1 × S1,
where D2 is a 2-disk, and S1 is a circle. The first S1 corresponds to the
meridian, and the second S1 corresponds to the longitude of T . Let us
identify S1 with I/ ∼, where I = [0, 1] and 0 ∼ 1. For a manifold S in
N(T ), let us denote by S ∩ (D2× I× I) the manifold in D2× I× I obtained
from S by cutting it at D2 × S1 × {0} and D2 × {0} × S1.
Definition 2.3. A torus-covering link is a surface link S in R4 such that
S ⊂ N(T ) and moreover S ∩ (D2 × I × I) is a simple braided surface.
By definition, a torus-covering link S is presented by an m-chart Γ on
I × I with Γ ∩ (I × {0}) = Γ ∩ (I × {1}) and Γ ∩ ({0} × I) = Γ ∩ ({1} × I).
Let us call Γ on I × I a torus-covering m-chart.
As we mentioned, for two m-charts, their presenting braided surfaces are
equivalent if the m-charts are C-move equivalent. Hence it follows that
for two torus-covering m-charts, their presenting torus-covering links are
equivalent if the torus-covering m-charts are C-move equivalent. Since each
component of a torus-covering link is a branched cover over a torus T , each
component of a torus-covering link is of genus at least one.
A T 2-link is a surface link whose each component is of genus one. As
known T 2-links constructed from classical links, there are spun T 2-links and
turned spun T 2-links, which are constructed as follows. Consider a 3-ball
B3 and a natural embedding of B3 × S1 in R4. The space B3 × S1 can be
regarded as constructed by spinning B3 along the circle S1. A spun T 2-link
of a classical link L is constructed by spinning L ⊂ B3 ([14, 2, 3]). A turned
spun T 2-link of L is constructed by turning L ⊂ B3 once while spinning
([3]). A spun T 2-link or a turned spun T 2-link of any classical closed braid
is presented by a torus-covering link (see [15, Propositions 2.10 and 2.11]).
Example 2.4. (1) Let Γ be a torus-covering 2-chart as in Figure 3 (1).
Then the torus-covering knot presented by Γ is the spun T 2-knot of a
right-handed trefoil.
(2) Let Γ be a torus-covering 2-chart as in Figure 3 (2). Then the torus-
covering knot presented by Γ is the turned spun T 2-knot of a right-
handed trefoil.
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3. Braiding a torus-covering link over the 2-sphere
In this section we give the statement of Theorem 3.2, using the terms
of m-charts. An m-chart is presented by a simple braided surface. A sim-
ple braided surface is presented by a motion picture consisting of isotopic
transformations and hyperbolic transformations (see [12, Section 9.1]).
For a subset A1 of R3 and a subset A2 of R, we denote by A1A2 (or by
A1 × A2) the subset {(x, t) ∈ R3 × R |x ∈ A1, t ∈ A2} of R3 × R = R4. In
particular, when A2 = {t}, we denote A1{t} by A1[t]. For a subset X of R4 =
R3×R, a motion picture of X is a one-parameter family {pi(X ∩R3[t])}t∈R,
where pi : R4 → R3, pi(x, y, z, t) = (x, y, z) is the projection.
Let {ht}t∈[0,1] be an ambient isotopy of R3. For a classical link L, we
have an isotopy (a one-parameter family) {ht(L)} of classical links. We say
that h1(L) is obtained from L by an isotopic transformation, and use the
notation that L→ h1(L) is an isotopic transformation.
Let L be a classical link in R3. A 2-disk B in R3 is called a band attaching
to L if L ∩ B is a pair of disjoint arcs in ∂B. A band set attaching to L is
a union B = B1 ∪B2 ∪ · · · ∪Bm of mutually disjoint bands B1, B2, · · · , Bm
attaching to L. For a subset X of a space, let us denote by Cl(X) the closure
of X. Define a link h(L;B) by
h(L;B) = Cl((L ∪ ∂B)− (L ∩ B)).
We say that the link h(L;B) is obtained from L by a hyperbolic transfor-
mation along B, and use the notation that L → h(L;B) is a hyperbolic
transformation (see [12, Section 9.1]).
For a classical m-braid c, let ιlk(c) be the (m+ k+ l)-braid obtained from
c by adding k (resp. l) trivial strings before (resp. after) c, and put
Πmi = σm+1σm+2 · · ·σm+i, Π′mi = σm−1σm−2 · · ·σm−i,
∆m = Π
m
m−1Π
m
m−2 · · ·Πm1 , ∆′m = Π′mm−1Π′mm−2 · · ·Π′m1 ,
Θm = σm ·Π′mm−1 ·Πmm−1 · σm ·Π′mm−2 ·Πmm−2 · · ·σm ·Π′m1 ·Πm1 · σm.
Remark 3.1. Let ∆ be Garside’s ∆ (a half twist, see [5]) for the m-braid
group Bm. Then ι
0
m(∆) = ∆m.
Theorem 3.2. Let ΓT be a torus-covering m-chart. Let a (resp. b) be a
classical m-braid presented by ΓT ∩(I×{0}) (resp. ΓT ∩({0}×I)). Then the
torus-covering link presented by ΓT is presented by a surface link 2m-chart
ΓS as in Figure 4. Here Hb is a 2m-chart presenting the simple braided
surface whose motion picture is as follows:
ιm0 (b) −→ ιm0 (b) · (∆′m)−1 ·∆−1m ·∆′m ·∆m ˙−→ιm0 (b) · (∆′m)−1 ·∆−1m ·Θm
−→ (∆′m)−1 ·∆−1m · ιm0 (b¯∗) ·Θm −→ (∆′m)−1 ·∆−1m ·Θm · ι0m(b¯∗)
˙−→ (∆′m)−1 ·∆−1m ·∆′m ·∆m · ι0m(b¯∗) −→ ι0m(b¯∗),
where −→ is an isotopic transformation and ˙−→ is a hyperbolic transforma-
tion along bands corresponding to the m σm’s (see Figure 5), and −(Hb)∗ is
the orientation-reversed mirror image of Hb, and b¯
∗ is the m-braid obtained
from the classical m-braid b by taking its mirror image and reversing all the
crossings (see Figure 6).
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Figure 4. The surface link 2m-chart ΓS .
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Figure 5. The motion picture of the 1-handle braided sur-
face (of degree 2m) associated with an m-braid b.
Definition 3.3. Let us call Hb the 1-handle 2m-chart associated with an
m-braid b, and its presenting braided surface the 1-handle braided surface.
The surface link 2m-chart ΓS is well-defined, for the edges presenting
ιm0 (a) have labels at most m− 1 and the edges presenting ι0m(b¯∗) have labels
at least m+ 1. Note that the 1-handle 2m-chart Hb has 2m black vertices.
4. Proof of Theorem 3.2
Before proving Theorem 3.2, we review the Cellular Move Lemma and
the definition of the closure of a surface braid.
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Figure 6. The m-braid b¯∗.
Let F be a surface link and let E3 be a 3-ball in R4. Suppose that E3∩F
is a 2-disk in ∂E3. Replacing E3 ∩ F by the 2-disk Cl(∂E3 − (E3 ∩ F )), we
obtain a new surface link F ′ from F . Such a replacement is called a cellular
move along E3. If F is oriented, then we assume that F ′ is oriented by an
orientation induced from Cl
(
F − (E3 ∩ F )). It is known that F and F ′ are
equivalent (Cellular Move Lemma, see [12, Lemma 6.6] or [16]).
Assume that L is a trivial classical link, and take t ∈ R. A disk system
in R3(−∞, t] (resp. R3[t,+∞)) with boundary L[t] is a union of mutually
disjoint 2-disks embedded in R3(−∞, t] (resp. R3[t,+∞)) properly and lo-
cally flatly such that the boundary is L[t]. A disk system D˜ in R3(−∞, t]
(resp. R3[t,+∞)) is trivial if there is no critical point except a single mini-
mal point or minimal disk (resp. a maximal point or maximal disk) on each
disk component of D˜ (see [12, Section 8.5]).
Let t1, t2 ∈ R such that t1 < t2. Let F be a properly embedded surface in
R3[t1, t2] and let L− and L+ be links in R3 such that L− (resp. L+) appears
as the boundary of F in R3[t1] (resp. R3[t2]). When L− and L+ are trivial
links, we can consider a closed surface Fˆ such that
Fˆ = D˜− ∪ F ∪ D˜+,
where D˜− (resp. D˜+) is a trivial disk system in R3(−∞, t1] (resp. R3[t2,+∞))
with boundary L−[t1] (resp. L+[t2]). We call Fˆ the closure of F . It is known
[12, Proposition 9.11] that for two closures of F , they are ambient isotopic
in R4 rel R3[t1, t2]. Let S be a surface braid in D2 × I × I ′, where D2 is a
2-disk, I = [0, 1] and I ′ is an arbitrary interval. Let us consider a map
(4.1) A : D2 × I × I ′ → D2 × I × I ′/(x, 0, u) ∼ (x, 1, u) ⊂ R3 × I ′
(x ∈ D2 and u ∈ I ′), where A(D2 × I × I ′) = D2 × S1 × I ′ ⊂ R3 × I ′ is a
natural embedding, i.e. D2 × S1 is naturally embedded in R3. The image
A(S) is embedded in R3 × I ′ properly and locally flatly. The closure of the
surface braid S is the closure of A(S).
Proof of Theorem 3.2. Let S be the torus-covering link presented by a
torus-covering m-chart ΓT , and let pi : R4 → R3, pi(x, y, z, t) = (x, y, z)
be the projection. Let us consider the motion picture {St}t∈R of S, where
St = pi(S ∩R3[t]). We will draw the figures of St as the diagrams projected
on the xy-plane. We will use the same notation S after each equivalent
8
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Figure 8. The torus-covering link S.
deformation. For a braid c, let us denote by cl(c) the closed braid associated
with c.
Step 1. Let us consider the standard torus T in the xyt-space with ΓT
on it (see Figure 7). We can assume that T with ΓT is as in Figure 8. Then
the motion picture of S is as in Figure 9, as follows.
Let B1, B2, . . . , Bm be m bands in R3 such that Bj [−j] (resp. Bj [j]) is an
untwisted band attaching to S−j−1/2[−j] ⊂ R3[−j] (resp. Sj−1/2[j] ⊂ R3[j])
as in Figure 9 (j = 1, 2, . . . ,m). Let us denote by em the trivial m-braid. Let
D˜−,m (resp. D˜+,m) be a trivial disk system of m components in R3(−∞, t]
(resp. R3[t,+∞)) with boundary cl(em)[t], where t ∈ R. Let Γ′T be an m-
chart on I × I ′ as in Figure 10, and let S(Γ′T ) be the simple braided surface
of degree m in D2× I× I ′ presented by Γ′T . Then let us consider A(S(Γ′T )),
where A : D2 × I × I ′ → R3 × I ′ is the map (4.1), and denote this by
A(ΓT ). Note that A(ΓT ) is embedded in R3 × I ′ properly and locally flatly.
Let us call A(ΓT ) the braided surface over an annulus associated with ΓT .
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Figure 9. Motion picture of S (1).
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Figure 10. The m-chart Γ′T .
Let us consider an m-chart Γ. Let ρ be a path which intersects with the
edges of Γ transversely. Let c = σ
i1
i1
σ
i2
i2
· · ·σiνiν be the m-braid presented
by ρ ∩ Γ. Let us consider the orientation-reversed path of ρ, and denote it
by −ρ. Then −ρ∩Γ presents σ−iνiν σ
−iν−1
iν−1 · · ·σ
−i1
i1
, which is c−1. Hence the
classical m-braid S(Γ′T )∩ (D2× I ×{t}) is a−1bab−1, where {t} is the point
of ∂I ′ with the greater coordinate.
Let l1 (resp. l2) ⊂ R3 be a half plane indicated at t = −1/2 in Figure 9.
Let us take the identified corresponding ends of a closed braid in l1 (resp.
l1 ∪ l2) for t ∈ [−m − 2, −m) ∪ (m, m + 2] (resp. t ∈ (−1, 1)). Then the
motion picture depicted in Figure 9, which describes S presented by ΓT , is
as follows. A split union of two classical links L1 and L2 in R3 is a classical
link presented by the union of the copies of L1 and L2 such that for a 2-
sphere S2 embedded in R3, L1 is inside of S2 and L2 is outside. We use ∪
for a split union of classical links.
(1) S ∩ R3(−∞,−m− 2] = D˜−,m. We have S−m−2 = cl(em).
(2) S ∩ R3[−m− 2,−m− 1] = A(ΓT ) such that S−m−1 = cl(a−1bab−1).
(3) St = S−m−1, for t ∈ [−m− 1, −m− 1/2].
(4) S−j−1/2 → S−j+1/2 is a hyperbolic transformation along the band
Bj ⊂ S−j , where j = 1, 2, . . . ,m. We have S−1/2 = cl(a−1bb−1) ∪
cl(a).
(5) S−1/2 → S1/2 is an isotopic transformation such that S1/2 = cl(a−1)∪
cl(a).
(6) Sj−1/2 → Sj+1/2 is a hyperbolic transformation along the band Bj ⊂
Sj , where j = 1, 2, . . . ,m. We have Sm+1/2 = cl(a
−1a).
(7) St = Sm+1/2 for t ∈ [m+ 1/2,m+ 1].
(8) Sm+1 → Sm+2 is an isotopic transformation such that Sm+2 =
cl(em).
(9) S ∩ R3[m+ 2,+∞) = D˜+,m.
Step 2. Now, let us move bands B2[−2], B3[−3], . . . , Bm[−m] (resp.
B2[2], B3[3], . . . , Bm[m]) into R3[−1] (resp. R3[1]) as follows. For subsets
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Figure 11. Motion picture of S (2).
X and Y of the xyz-space R3, we will say X is over Y with respect to the
z-axis if for any pair ((x, y, z1), (x, y, z2)) ∈ X × Y , z1 > z2 holds.
Now we can assume that Bj−1 is over Bj with respect to the z-axis, where
j = 2, 3, . . . ,m. Let us consider 3-balls V 2 , V

3 , . . . , V

m ( = −1,+1) in R4
such that
pi(V j ∩ R3[t]) =

Bj for t ∈ [−j,−1] if  = −1, or
for t ∈ [1, j] if  = +1,
∅ otherwise,
where j = 2, 3, . . . ,m. Since Bj−1 is over Bj with respect to the z-axis, we
can see that V 2 , V

3 , . . . , V

m are mutually disjoint and V

j ∩ S is the 2-disk
Bj [j] ⊂ R3[j], which is in ∂V j , where  = −1,+1, j = 2, 3, . . . ,m. Hence,
by cellular moves along the 3-balls V 2 , V

3 , . . . , V

m, we have a band set B1[]
in R3[] ( = −1,+1), where B1 = B1 ∪ B2 ∪ · · · ∪ Bm. Let us use the
same notation S for the new surface link obtained from S by the cellular
moves. By the Cellular Move Lemma, they are equivalent. Then we have
the motion picture of S as follows:
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Figure 12. (1) S−1 before the cellular moves; (2) 2-disks Di
in Bi; (3) S−1 after the cellular moves.
(1) S ∩ R3(−∞,−m− 2] = D˜−,m. We have S−m−2 = cl(em).
(2) S ∩ R3[−m− 2,−m− 1] = A(ΓT ). We have S−m−1 = cl(a−1bab−1).
(3) S−m−1 → S−1/2 is a hyperbolic transformation along the band set
B1 ⊂ S−1. We have S−1/2 = cl(a−1bb−1) ∪ cl(a).
(4) S−1/2 → S1/2 is an isotopic transformation such that S1/2 = cl(a−1)∪
cl(a).
(5) S1/2 → Sm+1 is a hyperbolic transformation along the band set
B1 ⊂ S1. We have Sm+1 = cl(a−1a).
(6) Sm+1 → Sm+2 is an isotopic transformation such that Sm+2 =
cl(em).
(7) S ∩ R3[m+ 2,+∞) = D˜+,m.
Then, by an ambient isotopy of R4 rel R3[−2, 2], we can deform S to have
the motion picture as in Figure 11, which is as follows:
(1) S ∩ R3(−∞,−5] = D˜−,m. We have S−5 = cl(em).
(2) St = S−5 for t ∈ [−5,−3].
(3) S ∩ R3[−3,−2] = A(ΓT ). We have S−2 = cl(a−1bab−1).
(4) S−2 → S−1/2 is a hyperbolic transformation along the band set B1 ⊂
S−1. We have S−1/2 = cl(a−1bb−1) ∪ cl(a).
(5) S−1/2 → S1/2 is an isotopic transformation such that S1/2 = cl(a−1)∪
cl(a).
(6) S1/2 → S2 is a hyperbolic transformation along the band set B1 ⊂ S1.
We have S2 = cl(a
−1a).
(7) S2 → S3 is an isotopic transformation such that S3 = cl(em).
(8) St = S3 for t ∈ [3, 5].
(9) S ∩ R3[5,+∞) = D˜+,m.
Step 3. We will show that S is equivalent to the surface link whose
motion picture {St} is as in Figure 13 for t ∈ (−∞,−2) ∪ (2,+∞), and
otherwise as in Figure 14.
Let us take 2-disks D1, D2, . . . , Dm in R3 such that Dj ⊂ Bj and Cl(Bj −
Dj) consists of two 2-disks such that each contains one of the two disjoint
arcs of S−3/2 ∩Bj ; see (2) of Figure 12. Let W j ( = −1,+1) be a 3-ball in
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Figure 13. Motion picture of S (3).
R4 such that
pi(W j ∩ R3[t]) =

Dj for t ∈ [−4,−1] if  = −1, or
for t ∈ [1, 4] if  = +1,
∅ otherwise,
where j = 1, 2, . . . ,m. Since B1, B2, . . . , Bm are mutually disjoint, so are
D1, D2, . . . , Dm; thus W

1 ,W

2 , . . . ,W

m are mutually disjoint. Moreover we
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Figure 14. Motion picture of S ∩ R3[−2, 2] (4).
can see that W j ∩ S is the 2-disk Dj [] ⊂ R3[], which is in ∂W j , where  =
−1,+1, j = 1, 2, . . . ,m. By cellular moves along the 3-balls W 1 ,W 2 , . . . ,W m
( = −1,+1), we have S whose motion picture is as in Figure 13. Figure
12 shows (1) S−1 before the cellular moves, (2) 2-disks D1, D2, . . . , Dm in
B1, B2, . . . , Bm, and (3) S−1 after the cellular moves. Put B2 = Cl(B1 −
D1)∪Cl(B2−D2)∪ · · ·∪Cl(Bm−Dm), which is a band set in R3 consisting
of 2m bands. Then the motion picture of S as in Figure 13 is as follows.
Let −D˜−,m, −D˜+,m, or −cl(em) be the orientation-reversed image of D˜−,m,
D˜+,m or cl(em) respectively. For an m-braid c, let us denote by ιc the braid
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ι0m(c) − em, and by −ιD˜−,m (resp. −ιD˜+,m) the trivial disk system of m
components in R3(−∞, t] (resp. R3[t,+∞)) with boundary −ιem[t], where
t ∈ R. Let l (resp. l1, l2) ⊂ R3 be a half plane indicated at t = −2 (resp.
−1/2) in Figure 13. Let us take the identified corresponding ends of a closed
braid in l (resp. l1 ∪ l2) for t ∈ [−5, −1) ∪ (1, 5] (resp. t ∈ (−1, 1)).
(1) S ∩ R3(−∞,−5] = D˜−,m. We have S−5 = cl(em).
(2) St = S−5 for t ∈ [−5,−4).
(3) S−4 = cl(em) ∪ −ιD˜−,m.
(4) St = cl(em) ∪ −cl(ιem) for t ∈ (−4,−3].
(5) S∩R3[−3,−2] = A(ΓT )∪−cl(ιem)[−3,−2]. We have S−2 = cl(a−1bab−1)∪
−cl(ιem).
(6) S−2 → S−1/2 is a hyperbolic transformation along the band set B2 ⊂
S−1. We have S−1/2 = cl(b−1a−1b) ∪ cl(a).
(7) S−1/2 → S1/2 is an isotopic transformation such that S1/2 = cl(a−1)∪
cl(a).
(8) S1/2 → S2 is a hyperbolic transformation along the band set B2 ⊂ S1.
We have S2 = cl(aa
−1) ∪ −cl(ιem).
(9) S2 → S3 is an isotopic transformation such that S3 = cl(em) ∪
−cl(ιem).
(10) St = S3 for t ∈ (3, 4).
(11) S4 = cl(em) ∪ −ιD˜+,m.
(12) St = em for t ∈ (4, 5].
(13) S ∩ R3[5,+∞) = D˜+,m.
Let ∆ (resp. ∆′) be the m-braid obtained from ∆m (resp. ∆′m) by
removing m trivial strings which are from the first string to the mth string
(resp. from the (m + 1)th string to the 2mth string), and let ∆¯ be the
m-braid obtained from ∆ by changing each crossing. Since Cl(Bj−1−Dj−1)
is over Cl(Bj −Dj) with respect to the z-axis (j = 2, 3, . . . ,m), we can take
an ambient isotopy {fu}u∈[0,1] of R3 satisfying the following conditions.
• f0 = id.
• fu is relative the complement of a neighborhood of ∪mj=1Cl(Bj−Dj),
and fu(cl(em) ∪ −cl(ιem)) is a split union of closed braids for each
u ∈ [0, 1], i.e. fu(St) is a split union of closed braids for each u ∈ [0, 1]
and t ∈ [−2, 2]− {−1, 1}.
• f1
(
cl(em) ∪ −cl(ιem)
)
= cl(∆′−1∆′∆′−1∆′) ∪ −cl(ι∆¯∆¯−1) such that
the two untwisted bands f1(Cl(Bj −Dj)) ⊂ f1(B2) connect the jth
string of cl(∆′−1∆′∆′−1∆′) with the jth string of −cl(ι∆¯∆¯−1), where
j = 1, 2, . . . ,m. Note that the (j − 1)th string of cl(∆′−1∆′∆′−1∆′)
or −cl(ι∆¯∆¯−1) is over the jth string with respect to the z-axis (j =
2, 3, . . . ,m).
Let us take such an ambient isotopy {fu}.
Let {hu}u∈[0,1] be an ambient isotopy of R3. Let us cosider an ambient
isotopy {Hu}u∈[0,1] of R3[t1, t4] rel R3[t1]∪R3[t4] such that for each u ∈ [0, 1]
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(1) (2)
Figure 15. The trivial closed braid, arcs and bands.
and x ∈ R3,
(4.2) Hu(x, t) =

(
hu(t−t1)/(t2−t1)(x), t
)
if t ∈ [t1, t2](
hu(x), t
)
if t ∈ [t2, t3](
hu(t4−t)/(t4−t3)(x), t
)
if t ∈ [t3, t4],
where t1 < t2 < t3 < t4. Then by an ambient isotopy of (4.2) with hu = fu
and t1 = −2, t2 = −3/2, t3 = 3/2, t4 = 2, S is equivalent to the surface
link whose motion picture {St} is as in Figure 13 for t ∈ (−∞,−2)∪ (2,∞),
and otherwise as follows (see Figure 14), where B3 = f1(B2) and we take
the identified corresponding ends of a closed braid in l (resp. l1 ∪ l2) for
t ∈ [−2, −1) ∪ (1, 2] (resp. t ∈ (−1, 1)). Here l (resp. l1, l2) is a half plane
indicated at t = −2 (resp. t = −1/2) in Figure 14.
(1) S−2 → S−3/2 is an isotopic transformation by {ft}. We have S−3/2 =
cl(a−1b∆′−1∆′a∆′−1∆′b−1) ∪ −cl(ι∆¯∆¯−1).
(2) S−3/2 → S−1/2 is a hyperbolic transformation along the band set
B3 ⊂ S−1. We have S−1/2 = cl(a−1b∆′−1∆′b−1) ∪ cl(a).
(3) S−1/2 → S1/2 is an isotopic transformation such that S0 = cl(a−1∆′−1b¯∗b¯∗−1∆′)∪
cl(a) and S1/2 = cl(a
−1∆′−1∆′) ∪ cl(a).
(4) S1/2 → S3/2 is a hyperbolic transformation along the band set B3 ⊂
S1. We have S3/2 = cl(a
−1∆′−1∆′a∆′−1∆′) ∪ −cl(ι∆¯∆¯−1).
(5) S3/2 → S2 is an isotopic transformation by {f1−t}. We have S2 =
cl(a−1a) ∪ −cl(ιem).
Step 4. We will show that S is equivalent to the surface link whose
motion picture {St} is as in Figure 17 for t ∈ (−∞, 0) ∪ (5/2,+∞), and
otherwise as in Figure 18. Further we will show that then S is the closure
of the required surface link 2m-chart.
Let us consider a trivial closed 1-braid cl(e1) and two arcs in R3 with two
untwisted bands connecting them as in Figure 15 (1). Let us take a 3-ball
which contains cl(e1) and the bands. Then, by an ambient isotopy of R3
relative the complement of the 3-ball, we can deform cl(e1) and the bands
to be as in Figure 15 (2).
Consider a neighborhood of −cl(ι∆¯∆¯−1)∪B3 in S−1 of Step 3 (see Figure
14). Since −cl(ι∆¯∆¯−1) is equivalent to −cl(ιem), we can take m disjoint 3-
balls in R3 such that the intersection of S−1 and each 3-ball is as in Figure 15
(1). Let cj be the jth string of−cl(ι∆¯∆¯−1). Apply the deformation of Figure
15 to the 3-balls which contains cl(c1), cl(c2), . . . , cl(cm) and the attaching
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Figure 16. Deforming S−1.
bands in this order (see Figure 16, where we consider the case c = em). Let
{gu} be the associated ambient isotopy. Since cj−1 is over cj with respect to
the z-axis, g1(cj) is over g1(cj−1) with respect to the z-axis (j = 2, 3, . . . ,m).
Since g1(ι∆¯) is the m-braid obtained from ι∆¯ by changing each crossing, for
ι∆¯ with attaching bands, we have g1(ι∆¯) = ι∆. Thus g1(ι∆¯∆¯
−1) = ι∆∆−1.
Further we can assume that g1(−cl(ι∆¯∆¯−1)) = cl(ι∆−1∆∆−1∆) as in Figure
16. Put B4 = g1(B3), which is a band set such that each band has one twist.
Then g1(S−1) is a closed singular 2m-braids such that the attaching band
set B4 consists of 2m bands which correspond to the m σm’s and m σ−1m ’s,
connecting the inner closed m-braid and outer closed m-braid.
Let E1 be a cylinder in R3 indicated at t = −1/2 in Figure 14. Note that
S−1/2 ∩ E1 is the trivial m-braid. We can see that if we have an m-braid
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Figure 17. Motion picture of S (5).
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Figure 19. The 2m-chart describing the surface braid SΓ.
c in E1, then g1(c) = c in the cylinder g1(E1) (see Figure 16). Then by an
ambient isotopy of (4.2) with hu = gu and t1 = −5, t2 = −4, t3 = 4, t4 = 5,
we can deform S to have the motion picture as in Figure 17, as follows.
Let us denote by e2m the trivial 2m-braid, and let D˜−,2m (resp. D˜+,2m) be
a trivial disk system of 2m components in R3(−∞, t] (resp. R3[t,+∞)) with
boundary cl(e2m)[t], where t ∈ R. Let ιm0 (ΓT ) be the 2m-chart obtained
from the m-chart ΓT by adding m trivial sheets after ΓT , i.e. the 2m-chart
presented by ΓT . And let A(ι
m
0 (ΓT )) be the simple braided surface over an
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annulus associated with ιm0 (ΓT ). From now on, we denote by ∆ (resp. ∆
′)
the 2m-braid ∆m (resp. ∆
′
m). Further, we put Θ = Θm. Let us take l,
which is indicated at t = −3/2 in Figure 17. Then the motion picture of
S is as follows (see Figure 17), where we take the identified corresponding
ends of a closed braid in l for t ∈ [−3, 3].
(1) S ∩ R3(−∞,−3] = D˜−,2m. We have S−3 = cl(e2m).
(2) S ∩ R3[−3,−2] = A(ιm0 (ΓT )). We have S−2 = cl(ιm0 (a−1bab−1)).
(3) S−2 → S−3/2 is an isotopic transformation such that
S−3/2 = cl(ιm0 (a
−1b) ·∆′−1∆−1∆′∆ · ιm0 (a) ·∆−1∆′−1∆∆′ · ιm0 (b−1)).
(4) S−3/2 → S−1/2 is a hyperbolic transformation along the band set
B4 ⊂ S−1. We have S−1/2 = cl(ιm0 (a−1b)·∆′−1∆−1Θ·ιm0 (a)·Θ−1∆∆′·
ιm0 (b
−1)).
(5) S−1/2 → S0 is an isotopic transformation such that
S0 = cl(ι
m
0 (a
−1) ·∆′−1∆−1Θ · ιm0 (a) · ι0m(b¯∗b¯∗−1) ·Θ−1∆∆′).
(6) S0 → S1/2 is an isotopic transformation such that
S1/2 = cl(ι
m
0 (a
−1) ·∆′−1∆−1Θ · ιm0 (a) ·Θ−1∆∆′).
(7) S1/2 → S3/2 is a hyperbolic transformation along the band set B4 ⊂
S1. We have
S3/2 = cl(ι
m
0 (a
−1) ·∆′−1∆−1∆′∆ · ιm0 (a) ·∆−1∆′−1∆∆′).
(8) S3/2 → S2 is an isotopic transformation such that S2 = cl(ιm0 (a−1a)).
(9) St = S2 for t ∈ [2, 5/2].
(10) S5/2 → S3 is an isotopic transformation such that S3 = cl(e2m).
(11) S ∩ R3[3,+∞) = D˜+,2m.
Let us consider an ambient isotopy {Hu}u∈[0,1] of R3[0, 5/2] rel R3[0] ∪
R3[5/2] such that for each u ∈ [0, 1] and x ∈ R3,
(4.3) Hu(x, t) =

(
h−12ut(x), t
)
if t ∈ [0, 1/2](
h−1u (x), t
)
if t ∈ [1/2, 2](
h2u(t−2) ◦ h−1u (x), t
)
if t ∈ [2, 5/2],
where {hu}u∈[0,1] is the ambient isotopy of R3 such that hu(S0) = Su/2 for
each u. By {Hu}, S is equivalent to the surface link whose motion picture
{St} is as in Figure 17 for t ∈ (−∞, 0) ∪ (5/2,∞), and otherwise as follows
(see Figure 18).
(1) St = S0 = cl(ι
m
0 (a
−1) ·∆′−1∆−1Θ · ιm0 (a) · ι0m(b¯∗b¯∗−1) ·Θ−1∆∆′) for
t ∈ [0, 1/2].
(2) S1/2 → S3/2 is a hyperbolic transformation along the band set B4 ⊂
S1. We have
S3/2 = cl(ι
m
0 (a
−1) ·∆′−1∆−1∆′∆ · ιm0 (a) · ι0m(b¯∗b¯∗−1) ·∆−1∆′−1∆∆′).
(3) S3/2 → S2 is an isotopic transformation such that
S2 = cl(ι
m
0 (a
−1a) · ι0m(b¯∗b¯∗−1)).
(4) S2 → S5/2 is an isotopic transformation such that S5/2 = cl(ιm0 (a−1a)).
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Note that the band set B4 consists of 2m bands which correspond to the m
σm’s and m σ
−1
m ’s, connecting the inner and outer closed m-braids.
The figures describing the motion pictures of S are for the case m = 3.
However, since each step can be applied for an arbitrary positive integer
m, we can regard them as describing the motion pictures of S for arbitrary
m. Now, the motion picture {St} of S is as in Figure 17 for t ∈ (−∞, 0) ∪
(5/2,+∞), and otherwise as in Figure 18. Thus S is the closure of the
surface braid obtained from S∩R3[−3, 3] by cutting it along l[−3, 3]. Let us
denote the surface braid by SΓ. Let us take cylinders E and E
′ in R3 such
that the closed 2m-braid St is presented by ι
m
0 (a
−1) ·(St∩E) ·ιm0 (a) ·(St∩E′)
for t ∈ [−2, 2], where St∩E and St∩E′ are classical 2m-braids; see the figure
at t = −2 in Figure 17. Then SΓ ∩ (E[−2, 2]) is a braided surface of degree
2m such that
(1) S−2 ∩ E = ιm0 (b),
(2) S−2∩E → S−3/2∩E is an isotopic transformation such that S−3/2∩
E = ιm0 (b) ·∆′−1∆−1∆′∆.
(3) S−3/2 ∩E → S−1/2 ∩E is a hyperbolic transformation along a band
set which consists of m bands corresponding to the m σm’s. We have
S−1/2 ∩ E = ιm0 (b) ·∆′−1∆−1Θ.
(4) S−1/2∩E → S0∩E is an isotopic transformation such that S0∩E =
∆′−1∆−1Θ · ι0m(b¯∗).
(5) S0 ∩ E → S3/2 ∩ E is a hyperbolic transformation along a band set
which consists of m bands corresponding to the m σm’s. We have
S3/2 ∩ E = ∆′−1∆−1∆′∆ · ι0m(b¯∗).
(6) S3/2 ∩E → S2 ∩E is an isotopic transformation such that S2 ∩E =
ι0m(b¯
∗).
Thus the braided surface SΓ∩E[−2, 2] is presented by the 1-handle 2m-chart
Hb. If a is the trivial m-braid, then S∩R3[t] is equivalent to the trivial closed
2m-braid for t ∈ [−2, 2]−{−1, 1}. Thus (St∩E) ·(St∩E′) = e2m, and hence
(4.4) St ∩ E′ = (St ∩ E)−1
for t ∈ [−2, 2]−{−1, 1}. Further, S−1∩E′ and S1∩E′ are singular classical
2m-braids such that the singular points are presented by m-bands corre-
sponding to m σ−1m ’s. Let us consider a 2m-chart Γ. Let ρ be a path
which intersects with the edges of Γ transversely. Let c = σ
i1
i1
σ
i2
i2
· · ·σiνiν be
the 2m-braid presented by ρ ∩ Γ. Let us consider the orientation-reversed
mirror image of Γ and ρ, and denote it by −Γ∗ and −ρ∗ respectively. Then
−ρ∗∩(−Γ∗) presents σ−iνiν σ
−iν−1
iν−1 · · ·σ
−i1
i1
, which is c−1. Hence, by (4.4) we
can see that SΓ ∩ (E′[−2, 2]) is the braided surface presented by a 2m-chart
f(−H∗b ), where −H∗b is the orientation-reversed mirror image of Hb and f is
the map which rotates −H∗b by pi. More precisely, assuming that −H∗b is on
a 2-disk [−1, 1]× [−1, 1], f is a self-homeomorphism of the 2-disk defined by
f(t1, t2) = −(t1, t2). Thus the surface braid SΓ is presented by the surface
link 2m-chart as in Figure 19. Since the 2m-chart can be taken to be as in
Figure 4 by an ambient isotopy, S is presented by the required 2m-chart. 
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Figure 20. The 1-handle 4-chart Hb, where b = σ
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Figure 21. The surface link 4-chart ΓS obtained from ΓT .
An orientable surface link F is trivial (or unknotted) if there is an em-
bedded 3-manifold M with ∂M = F such that each component of M is a
handlebody. An oriented surface link is called ribbon if it is obtained from
a trivial 2-link F0 by 1-handle surgeries along a finite number of mutually
disjoint 1-handles attaching to F0.
Kamada showed [8] that surface links whose braid index is at most three
are indeed ribbon, and Shima showed [18] that the turned spun T 2-knot of
a non-trivial classical knot is not ribbon. Hence we obtain the following
corollary.
Corollary 4.1. Let S be the torus-covering link presented by a torus-covering
m-chart. Then the braid index of S is equal or less than 2m. In particular,
the braid index of the turned spun T 2-knot of the torus (2, p)-knot is four.
Remark 4.2. Hasegawa [6, Part 3 “Chart description of twist-spun surface-
links”] showed that for the turned spun T 2-link of a closed m-braid, its braid
index is at most 3m.
5. Example
Let us consider the torus-covering 2-chart ΓT of Example 2.4 (2), that
is, the torus-covering 2-chart ΓT of Figure 3 (2). The torus-covering link S
associated with ΓT is the turned spun T
2-knot of the right-handed trefoil.
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Figure 22. The surface link 4-chart ΓS .
In the notations of Theorem 3.2, we have a = b = σ31. By the theorem,
the 1-handle 4-chart Hb is as in the left figure of Figure 20. It is C-move
equivalent to the right figure of Figure 20. Thus the surface link 4-chart
ΓS on a 2-disk obtained from ΓT is as in the left figure of Figure 21. It
is equivalent to the right figure of Figure 21 by an ambient isotopy of the
2-disk. Thus ΓS is as in Figure 22.
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